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SUMMARY

In this paper, we generalize the forced quantitative randomized response (FQRR) model of
Gjestvang and Singh (2007) to the case of generalized forced quantitative randomized response
(GFQRR) model for estimating the population total of a sensitive variable and studied under a unified
setup. The bias and variance expressions are derived under unegqual probability sampling design. It is
shown that the models due to Eichhorn and Hayre (1983), Bar-Lev et al. (2004), Liu and Chow (19763,
1976b), Stem and Steinhorst (1984), and Gjestvang and Singh (2006) are special cases of the proposed

GFQRR mode€.
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1. INTRODUCTION

The problem of estimation of the popul ation total of
asengitive quantitative variable iswell known in survey
sampling. Warner (1965) was the first to suggest an
ingenuous method to estimate the proportion of sensitive
characterslikeinduced abortions, drug used etc., through
a randomization device like a deck of cards, spinners
etc. such that the respondents’ privacy should be
protected. A rich growth of literature can be found in
Tracy and Mangat (1996). Mangat and Singh (1990)
proposed a two-stage randomized response model.
Leysieffer and Warner (1976), and Lanke (1975, 1976)
studied different randomized response procedures at
equal level of protection of the respondents, and later
Nayak (1994), Bhargava (1996), Zou (1997), Bhargava
and Singh (2001, 2002) and Moors (1997) found that
Mangat and Singh (1990) and Warner (1965) models
remain equaly efficient at equal protection. Note that
this result is not true for all the randomized response
models. Bhargava (1996), the detail isavailablein Singh
(2003) on page no. 939-941, shows that Mangat (1994)
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model remains more efficient than Warner (1965) model
at equal protection. Note that Mangat (1994) model isa
special case of Kuk (1990) model. Mangat (1994) model
isfurther improved and studied by Gjestvang and Singh
(2006). Eichorn and Hayre (1983) suggested a
multiplicative model to collect information on sensitive
guantitative variables like income, tax evasion, amount
of drug used etc. According to them, each respondent in
the sampleisrequested to report the scrambled response
Z = SY,, where Y isthe real value of the sensitive
guantitative variable, and S is the scrambling variable
whose distribution is assumed to be known. In other
words, E_(S) =0 andV (S) = y? areassumed to beknown
and positive. Then an estimator of the population total
under the simple random and with replacement
(SRSWR) sampling is given by

YEH = —2 - (11)
with variance

V(Y )=N—202+N—202\?2(1+02) (1.2)
EH n y n Y y ’

2 _.2/02 o _ v
where CY—Y /6 , Y=Y/N and Cy—cy/Y
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We shall now discuss arandomized response model
recently studied by Bar-Lev, Bobovitch, and Boukai
(2004), which we say BBB model hereafter. In BBB
model, the distribution of the responsesis given by

Y;S  with probability (1-p)
Z = Yy
|

| with probability p (1.3)

In other words, each respondent is requested to
rotate a spinner unobserved by the interviewer, and if
the spinner stopsin the shaded area, then the respondent
is requested to report the real response on the sensitive
variable, say Y ; and if the spinner stopsin the non-shaded
area, then the respondent is requested to report the
scrambled response, say Y. S, where Sis any scrambling
variable and its distribution is assumed to be known.
Assumethat E(S) =6 and V(S) =y?areknown. Let p be
the proportion of the shaded area of the spinner and

Spinner corresponding to the BBB model

Scrambled
Response

Real
Response

|I:|Scrambled Response M Real Response |

Fig. 1.1. BBB randomized response device

(1 — p) be the non-shaded area of the spinner as shown
inFig. 1.1.

An unbiased estimator of populationtotal Y isgiven
by
- N n

= ———— < 2
Y(eee) = @ p)o+phict
with variance under SRSWR sampling given by

(1.4)

N N2 _
VI¥(gBe)] = ~-Y7ICy+ 1+ C)Cs(P) (15)
where
2 2
) = (1-p)o(1+ CY2+ p 4
° [~ p)0+p]
In the next section, we generalize the FQRR model
due to Gjestvang and Singh (2006) to a the generalized

forced quantitative randomized response (GFQRR)
model.

2. GENEPROPOSED GFQRR MODEL

Consider apopulation Q consisting of N units. Let
Y.,i =12, .., N, bethevalue of thei™ population unit
of the sensitive quantitative variable. Our aim is to
estimate the populationtotal Y= 3 Y;. Letmw,ieQ

ieQ

be the probability of including the i unit from the
populationQ inthe sample with probability design p(s).
The i respondent selected in the sample is requested to
rotate a spinner having three statements

(i) report the real value of the sensitive variable, Y,
with probability p,

(i) reportthescrambled response SY , with probability
P,

(iii) report the fixed response F, with probability p,

where S is a scrambling variable and its distribution is

assumed to be known. In other words, if E_ is the

expected value and V_ is the variance over the

randomization device used in a survey, then E(S) =6

and V_(S) = y* are assumed to be positive and known.
Conclusively, the distribution of the i responseisgiven

by

Y; with probability p;
Z = {SY; with probability p, (2.1)
F  with probability ps

Proposed Spinner

Fig. 2.1. GFQRR model

Consequently, we have the following theorem.
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Theorem 2.1. An unbiased estimator of the population
total is given by

5 Zi —paF
Y, = ¥d| +—=— 2.2
P s '(p1+p29J @2

whered = ni_lare called design weights.

Proof. Let E and E_ be the expected values over the
design p and the randomization device, say spinner, thus
we have

” Zi —paF
E(Yy,) = E,E di| =
(Ye) = & R{izs '(Pﬁpzeﬂ

=Ep(2 diYj)=Y

[SS]

which proves the theorem.

Theorem 2.2. The minimum variance of the proposed

estimator V,, is given by

RN
minV(Yp)=>3 T 6(dY; -d;Y))?
2i%jeQ

+—
(P +p29)
(pL+P0)2( = diY;)?
1eQ

 @-p)(Zd) | 3)
1eQ

where 6'] = (TEiTEj —Ttij) .

Proof. Let vV, and Vp denote the variance over the
randomization device, say spinner, and over the design,
we have

V(Yp)
_ Zi - D3FJ (Zi —p3F)
=VpEg| Ta| P | E v | S| 2 PsT
] F{Es '\ pu+pat } " RLZS ' pr+po0
:Vpl:ZdiYi +Ep2di2 —VR(Zi)Z
ies ies | (pp+p20)

FHPL+P2(r%+0%) = Py +P20) 2 Y

1 2
= =3 2 0;(dY;-dyY;)
2izjeq 0
1
+—2[{ py+ P20°(1+ CY) = (pr+ p26)°} = dYP
(Py + P26) ieQ

+p3(1-p3)F* 5 di — 2pgF(py + p2d) = diYi} (2.4)
ieQ 1eQ

On differentiating (2.4) with respect to and setting
equal to zero, we have

(PL+P20 ) T dY;
ieQ
(1-p3) = d;
ieQ

F= (2.5)

On substituting (2.5) into (2.4) we get (2.3), it
proves the theorem.

In the next section, we show that the BBB model
and Eichhorn and Hayre (1983) are special cases of the
proposed GFQRR model.

2.1 Special Cases

Casel. If p, =0, p, =1, and p, = O, then the proposed
GFQRR model reducesto the Eichhorn and Hayre (1983)
model.

Casell.If p,=p, p,=(1-p) and p,=0, then the proposed
GFQRR model reduces to the BBB moded.

Case I1l. Note that a quantitative forced alternative
randomization device, due to Liu and Chow (19763,
1976b), is vaid only for estimating the proportion of a
sensitive attribute in population unlike the proposed
model, which estimates the average of a quantitative
sensitive variable. Interestingly, note that if X, is a
gualitative variable, take 1 and 0 value for a sensitive
and non-sensitive attribute in the population, set Z =0
asforced “no” answer, and set asforced “yes’ answer,
then the present model isreduced to an optimized forced
alternative randomizing device proposed by Stem and
Steinhorst (1984).

2.2. Estimation of Variance

From (2.4), we suggest an approximate unbiased
estimator of the variance V() &
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2 3D;[(diZ -djZ)? - psFA(d; —d))]
\"/(Yp) — [ES[SS]

2{py +Pa (2 +62)}

1 2 2 2
+————= [P+ P07 1+ C}) — (P + p29)°}
(py + P29)? !
2 _ 2
s d? Zi ng 5
ieS "\ pp+pa(y+69)
Zi —p3Fj]

—2pgF(py + Pp,0) = d?| 5
p3F(py + P2 )iesl(p1+p26

J +p3(l- p3)F2.2 di2
1eS

(2.6)

where Dj; = ©;; /m;; . Unfortunately, the estimator of
variance depends on the unknown value which depends
on the value of the sensitive variable.

2.3 Rdative Efficiency

Under simple random and without replacement
(SRSWOR) sampling, we have m, = n/N and
T, = n(n —1)/N(N — 1). Thus, the minimum variance of

the proposed estimator \?p is given by

- N2Y2[ N(1-f
min.V(Yp)sswor = [ ( )C2

(N-D 7
1
+CE(pyp2)(1+CY) ~ (- ps)}
(2.3.1)
where
2 2
2 _ PP+ G
o s (2.3.2)

Additionally, the percent relative efficiency (RE)
of the proposed GFQRR model under SRSWOR
sampling with respect to the BBB model under SRSWR
sampling design is given by

RE(BBB, Yp)sswor

CJ + @+ C2)CL(p)

1 x100%

(1-p3)

= | N@-f
llesll— 1)) C>2’ +C5(py,p2)(A+ c)z,) _

(2.33)

We observe through simulation that the relative
efficiency is highly sensitive towards the mean val ue of
the scrambling variable 6. If we consider a very large
value of 6, then the relative efficiency

RE(BBB.\?p)ggNor of the proposed estimator with

respect tothe BBB model convergesto 100% asthevalue
of the scrambling variable's coefficient of variation also
becomes large. Following Cochran (1977), the value of
the coefficient of variation should be around 10% for
any consistent and practi cable datasets. Thus, we decided
to choose N = 10,000, n = 100 three values of p, = p =
0.7,0.8,09,p,=2(1-p)/3, andp,=(1—-p,—p,).

>
o
c
8
g +P=0.7
i 0P=0.8
2 807 4 P=0.9
©
5 601
14

40 1

20 1

0 : : : :
0 0.2 0.4 06 0.8

CV of scrambling or sensitive variables

Fig. 2.2 RE of the GFQRR model with respect to the BBB model

If © =10 and the values of the coefficient of
variations of the scrambling variable and sensitive
variable were kept same, that is, C_ = CY were chosen
between 0.01 and 0.60 with a step of 0.01. Then, the
percent relative efficiency of the GFQRR model with
respect to the BBB model isshown inthe Fig. 2.2. If we

400 -

*
350 .
N

., 300 R
g &

250 - Ky
2 250 R4 * P=0.7
E
w g o P=0.8
2 v AP=0.9
k=
[}
74

0 0.2 0.4 0.6 0.8
CV of sensitive or scrambling variable

Fig. 2.3 RE of the proposed GFQRR model with respect to the
BBB model
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change 6 = 1, and keep the other parameters at the same
level, then the results are presented in the Fig. 2.3.

Fig. 2.3 shows that if the mean value of the
scrambling variable is less than one, then more gain is
expected from the proposed model at higher values of
the coefficient of variations of the scrambling variable
or sensitive variable. Notethat for higher value of 6, the
proposed GFQRR model may perform pitiable than the
BBB model, thus the proposed model could be more
beneficial if it isused with ascrambling variable having
the mean value 6 close to one as used by Gupta
et al. (2000). The proposed model may perform better
for higher value of coefficient of variation of the
scrambling variable in a situation as shown in Fig 2.3.
Singh and Mathur (2005) have considered situations
where the values of the coefficient of variations of the
scrambling variable and the sensitive variable can be
between 0 and 6 with a step of 0.1.

Now, the estimator (2.2) depends upon F, whichin
turn depends upon Y, values, and hence it is not
practicable estimator. To overcome this difficulty, we
consider a new strategy discussed in the next section.

3. PRACTICAL GFQRR MODEL

In this case, we suggest to take two independent
random samples s and s, from the population Q using
the sampling design p(s)). In the first sample s, each
respondent selected isrequested to experiencethe spinner
asshownin Fig. 3.1.

Proposed Spinner

III
[ 1

Ps

P

Fig. 3.1. GFQRR spinner for the first sample.

Note that the value of F, hasto be decided before
doing the survey based on the parameters to be used in
the second spinner used in the second independent
survey. Here, this proposed GFQRR model differs from
the existing randomization devises. In other words,
although both samples are independent, the devices are
dependent on each other.

Consequently, the distribution of the i responsein
the first sample s is given by
Y; with probability p;
z,= SY; with probability p, 3.1)
R with probability p3

whereS isascrambling variablesuchthat Eg ()= 65,
VR (S1)=v{and C2, =% /0? areassumedto beknown
and positive.

In the second independent random sample s,, each
respondent selected isrequested to experiencethe spinner
asshownin Fig. 3.2.

Proposed Spinner

I
P

Ps

Ps

Fig. 3.2. GFQRR spinner for the second sample.

In this case, the distribution of the i response in
the second sample s, is given by

Y;  with probability p,

Z, = 1S2Yi with probability ps (3.2)
F,  with probability pg
where Pk = p3h (33
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and S, is a scrambling variable such that

Er(S2)=0,.Vr(Sy)=v3 and CI,=v3/65 are
assumed to be known and positive.

Then we have the following theorem:

Theorem 3.1. An unbiased estimator of the population
total isgiven by

~ 1
Yif =5l 2 thZy — 3 dyZy

ies; iesy

(3.4)

where A= (py—p4)+ (P20 —psb2) , and dyy =niyt,
dy =75 are the design weights used in the first and
second sample respectively; and 6, =ER(S;) and

0, =ER(S,) are the known means of the scrambling
variables S, and S, used in the first and second sample,
respectively.

Proof. Taking expected value on both sides of (3.4) we
have

S djZy — 3 dyZy |

~ _ ies iesy
E(Y) = E A

ies iesy

PR\ (PL—Pa) + (P20 — PsH2)
3 0ER(Zy) — T dyER(Zy)
ies; iesy

(P1 — Pg) + (P281 — psH2)

p

[ 2 dyj(pr+p2061)Yi+p3h T dy
ies; ies;
= 2 dgi (P4 +PsH2)Yi —psk, T dyi]
iesy ies2

(P1—Pg) + (P291 — psH2)

I}
m

Z (Pt P201)Yi +p3hN— X (pg+ps02)Yi —psHN
ieQ ieQ
(PL—Pa) + (P201 — Psb2)
Y=Y
ieQ
which proves the theorem.

Theorem 3.2. The minimum variance of the proposed
estimator Yy is given by

Min.V (Y )

_1((pt p291>2

2
= S S 3 Oy(dy Y ~dyY))

i#jeQ

(Pa+ I0592)2 2
+—.2. b ®2ij (dZiYi _dZJYJ)
i#jeQ

HWp— (pr+poBy)} T dy Y2
ieQ
HWo — (ps+PsB2)} T dy Y2
ieQ
(py+ |0291){i62Q dy i
—1 DD ®]Jj(d]J _dlj)(dliYi _dllYJ)}

2izjeQ

p
1 +(pay + PO T dyY,
1eQ

1
— 23 3 Ogi(dy — o) (dy Y — iy Y
2izje ]Jj( 1i lj)( 1T 1j j)}

" (35)
(L-pg) = dy + 2 = 3 Ogy(dy - dy))?
ieQ 2 izjeQ

+{p3(1—pe)/Ps} = dy;
ieQ

LPs

S 3 @yj(dy - dy))?
i#jeQ

where Oy; = (mymyj — 7y;j) » O = (Wi Tp) — M) »
W1 ={py + P07 (1+ Cj, )} and

W, ={ps+PsH5(1+CY,)} .

Proof. Let V, and V  denote the variance over the

randomization device and over the designs used in the
independent samples, then

V(Yg) = A_lzl:v(iezsld]jzﬂj+V(iezszd2i22ij] (3.6)

Now we have

V( M) dlizlij

ies

= VpER( M) dliZliJ-i_EpVR( ) deZJJ-)
ies ies
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= Vp[(p1+p291) T dyYi+psh = dﬂj +Ep(z df-vR(zﬂ)j
iesy ies ies

1
= (F>1+P291)2{2,2, 3, Og;(dyY; —dlej)2}+{P1+ Pa(v% +67)
i#]eQ
~(pr+P201)%} T dy Y2
ieQ

1
+Ff{p3(1—p3),z di+P3= T T Oy(dy —dlj)z}
ieQ 2|¢JE§2

1
—2p3h(p+ I0291){2 dY; == X 3 Og(dy —dy)(dy Y _dlej)}
ieQ 2I¢J€Q

3.7
Similarly,

V(_ ) dZiZZij
iesy
2,1 2 2,02
= (p4+pshy) {53; 29®2ij(d2iYi =y Yj)} +{Pa+Ps(v5+03)
€

(P4 +P502)’} 3 dy Y
ieQ
1
+F22{p6(1_ Pe) = Oy +P5= 3 T Oy(dy —dzj)z}
ieQ 2|=t]e£2

1
—2pF2(Pa + Ps07) { 3 dyYj =5 = 3 Oyjj(dy —dy;)(dy Y - d2ij)}
ieQ 2|==]e£2
(3.8)

On substituting (3.7) and (3.8) into equation (3.6)
and using the relation (3.3) and then setting

av(¥e) _,
dF,

We have
1
(pr+ p291){ T dyYi—— 2 I Og(dy —dyj)(dy Y _dlej)}
ieQ 2|¢]e§2

1
+(pa + Psez){ Y dyYi =3 3 3 Oy;(dy —dp)(dyY; _dlej)}
ieQ 2i%jeQ

':1= 2
(1-p3) 3 dy + 3 5 3 Oy(dy —dyy)?
ieQ 2 izjeQ

Hpsd- Pe)/pe}igQ dy + %6 iij e% O (dy — dzj)2
(3.9

The use of (3.9) in (3.6) leads to (3.5), and which
proves Theorem 3.2. Under simple random and with
replacement (SRSWR) sampling the results reduce to
Gjestvang and Singh (2006). Note that it is not an easy
process to suggest an unbiased estimator of variance if
the value of F, is unknown.

3.1 Relative Efficiency

Let my; =ny/N, 7y =ny/N, T, = n,(n, — 1)/N
(N -1), and T, = n,(n, — 1)/N(N — 1) be the two
independent SRSWOR samples taken from the
population. Let f; =ny/N and f, =n,/N denotethe

finite population correction factors for smple random
without replacement samples. Then the variance of the
proposed GFQRR model becomes

. N2Y2 | [ (@=f)(p+Ps01) | (L=F2)(Pa+PsO2)|( N
Vi) = 1z H 1 nll ) 12 ni 507 (m)05,

L+ Ci) {‘Pl - (Pr1‘1+ Py | o (Prz];: psez)}

D3 {(P1+ P281)/ My + (P + Psb2) /Ny )
_3{1 21/1 4 52/2}:| (311)

{(-p3)/m + p3(L-pe)/(N2Pe)}
Let n, =n, =n/2, then (3.1.1) can be written as

2N%Y? N\
Az {1-f/2}(p1+ By + Pat psez)(—) Cy

V(Y) =
(Yir) N_1

L+ CO{¥1— (P + PO + ¥~ (Pa+ Peh2)}

~ Pa{(pyt P2By) +(Ps+ 9592)}2
{(1-p3)+ p3(1- ps)/pe}

(3.1.2)

Thus percent relative efficiency (RE) of the
proposed GFQRR model with respect to BBB model is
given by

RE(Yggg. Vi) = V(¥ee8) | 1000
V(Y )

AZ{CZ + (1+ C3)Ch} x100%

N
1-1/2)(py+ PoBy + Py + psez)(N_l) C§
HL+CO{ W1~ (P + P20y + Wo — (Pg + Pe)}

_ Pl (P1+ P2B1) + (P4 + PSH)}
{(@-p3) +p3(L-pe)/Pe}

(3.1.3)

Therdativeefficiency expressionin (3.13) depends
upon severa choices. Thus, to look at the behavior of
the performance of the proposed GFQRR model with
respect to BBB model, we considered a situation where
N = 10,000, n= 100, 6 =500, 6, = 100, 0, = 900, P, =P
= 0.8 (equal protection in the both GFQRR and BBB
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models), P,=2(1-P)/3,P,=0.2and P,=2(1-P,)/3.
The value of the coefficient of variation C, of the
sensitive variable changed between 0.1 and 0.9 with a
step of 0.2 as shown in Fig 3.1. The values of the
coefficient of variation of the three scrambling variables
were kept same between 0.1 and 6 with a step of 0.1 by
following Singh and Mathur (2005), that is Cy = Cyl =
C,,- If the value of coefficient of variation of the
scrambling variable becomes more than 2, then the RE
becomes amost constant.

245.00
240.00
235.00
230.00
225.00
220.00 -
215.00
210.00
205.00
200.00
195.00 : . ; .

0.0 2.0 4.0 6.0 8.0

< CY=0.1
CY=0.3
CY=0.5
x CY=0.7
x CY=0.9

Relative Efficiency (%)

Coefficient of variation of the Scrambling Variable

Fig. 3.3. Relative efficiency of the proposed GFQRR model with
respect to BBB model

More gains are expected if the value of coefficient
of variation of the study variable is high, say 0.9, and
the value of the coefficient of variation of the scrambling
variable is near 0.1. In a real survey, the practicable
values of coefficient of variations of the scrambling and
sensitive variables are around 0.1 by following Cochran
(1977). For such situations, the relative efficiency is
shownin Figs. 2.2, 2.3 and 3.3. Thus, for these types of
practical situations, it is always possible to adjust the
randomization devices such that the proposed GFQRR
model performs better than the BBB model.

4. CONCLUSION

The proposed generalized forced quantitative
randomized response (GFQRR) model has been found
to be more efficient than the recently developed BBB
model. In addition to that the proposed GFQRR model
could be used under more advanced sampling schemes
such as Simple random without replacement (SRSWOR)
sampling, Probability proportional to size and without
replacement (PPSWOR) sampling and hence has more
practical utility than the BBB model.
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